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Te Introductionq)

The object of this paper is to give a more detailed account
of the situation, discussed in the first part of Cobham's article
[2} » We shall consider here the situation where customers of

different priorities arrive at one counter to be served.

2. Description of the system

We distinguish r priorities by the priority numbers
1:2,...,P, where 1 stands for the highest and r for the lowest
priority. Customers of priority number k will be called & -
customers in the sequel. At time zero the counter is opened
for servicing. At that moment, with probability p (a,...,a )
a queue consisting of 4 1-customers, ..., «, r-customers is 2)
present (with @ zo0,. . . ,ax0,p (&, . oa)zo ,Z[‘a7éo,“.)apgo_lpo(a.1,..‘,a,r’)#y)"
New Kk -customers arrive (Ke{u‘“,»}) according to the following
law: the interval from time zero to the first arrival of a K-
customer, and the intervals between arrivals of successive K-
customers are mutually independent random variables with distri-
butlonfunction

o for XL L0

(2‘1) g«; (x):7 “A

v

-e * for pe o,

where we assume AK:>o for Ke{#,...ér} . The servicetime is also
stochastic and has the same distributionfunction /1,(&)(continuous
from the right) for all K-customers. All arrival intervals
(including the intervals from time zero to the arrival of the
first k -customer) and all servicetimes are mutually independent.
Servieing takes place for each priority in the order of
arrival. If customers of different priorities are present when
the counter becomes free to serve a new customer, that one with
highest priority which came first to the counter, 1s the next to
be served. If the counter becomes empty the next customer to be
served is the first newly arriving customer. Servicing of a
customer is never interrupted to make way for another customer.
Following D.G. Kendall [10) we consider the moments at which
customers leave the counter at the end of their servicetime. The
customers are numbered (1,2,... ) in the order in which they leave
the counter, and '

o W e o G G o e

1) Questions, put to us by the N.V. Philips! Gloeilampenfabrieken,
Eindhoven, Holland, gave rise to the present investigation.

2) If a summation is extended over a rather involved set of indlces,
this set is given in | _krackets, directly after the 2 sign.
Summation is always over non-negative integers.



(2.2) P (C‘7) a.h)

is defined as the probability that the 77th departing customer
1s a k-~customer and leaves a queue consisting of a, “-customers,

+v.sa_ r-customers at the counter (ke{?,_‘;w}yvvéfy,l,”‘j

and Q.é{oﬂj.”} for je(1,....r} ).

We Introduce the generating functions

(2.3) f (X X )‘i;—‘iFZLaé.o Lazolp (a Ha)xaa.‘,x%
LSRN R A T A A r

for [&}g-u.‘_gpg’§~ s the functions %3(@) and the moments of
f;(t), defined by

Lt
(2.4) W)s\_,f/ 4 F g4

for He 20 and

(2.5) et [y

o

We exclude the case where ﬁfuy: 1 for some k, i1.e., we have

&

4~ >c for all k and all £ and ¢ (x)=1 for all K and all

A>0,
Finally let

(2.6) H o ()

K, '
be the conditional distributionfunction of the waiting time of

the wth departing customer, given that the mth departing customer

is a k -customer, and

XD
7/

() i—i—f/ e"(‘(‘éd H ()

K,

(2.7) (/,7\"4)1

for Ke{t..,,k} and v;e{v,l,.ﬂl.

/

We distinguish two cases:

A
3 1)
the case of nonsaturation, defined by Zg.kg/xf < 1
and

r
the case of saturation, defined by %L A)/%V)ght

For the case of nonsaturation we prove that the limits of
fin(%"“’%J and ﬂﬂ(X:~~:Ka> for m.secoexist and that

M, (t) tends to a distributionfunction H_(t) formse . All
These limits are independent of the initial situation, i.e. the
probabilitydistribution {p, (2, .-..a,)} « H_(t) s the distribu-
tionfunction of the waiting time of an arbitrary K -customer in
the stationary situation.

o o G o T W e R

1) The integrals are Lebesque~Stieltjesintegrals over the interval
0=t = co,



Using D. van Dantzig's "method of collective marks" ( [5]
[_6:]and [;J » we derive recurrence relations (3,%2) between the
generating functions f\ (X, ... X,) together with relations (3.16)
connecting the £ (X _.,XP) Vi (%) and ¢ («). From these
relations we derive the relations (5.2) for the

fox, X)Ll o (00 %,

7 o

which are then solved. From the relation (3,16) we derive (5.3),
connecting ﬂ,(XV_,,,XF) and
Yo (4) & oy,

M oo K, (O()

Once the ﬁ;(x;,u.,Xr) are solved, they are used, together
with the last relation, to compute the first two moments of Hét)
and to derive an expression for y%(bq , for ;«e{1,_.,r} . The
first moment of Hk(t) was given by Cobham [2'1, but we did not
understand his proof.

For the case of saturation we only state some results without
proof,

We shall use some abbreviations to keep the formulae from
becoming awkwardly long. With the understanding that on both sides
of the equalitysign in (2.8) up to and including (2.14) indices
may be added to the function symbols, we write 1

(2.8) f(x)k f(x. . .x),
(2.9) g (x) = 3T F (),
(2.10) f(uKXﬁfZ)%ﬁ f(u,.,u,x“v,“uxhl,nf,,h,v),

1.e. the first k variables in (2.10) are equal to «, the last?
varlables are equal to v and the remaining variables (if any)
are equal to the corresponding variables of £(X) (we shall always
have k. €= v ). In the same way

(2.11) F(L{(K)X').“:_*f’ Flu,, o X LX),
(2.12) U P FL, U XX, o),
(2.13) g XV Fly iy XX,
(2.14) f(b,mXﬂ)@f@m,...,gk’m,xk, X ).

gy Y, W . S e P e

1) agb 1s used, when on the left hand side of an equalitysign

an abbreviation is introduced for an expression on the rig
hand side,



We use
Lom £(x) (1xf<1)

if we want to take

{im lom — lom F(X)

1-—;7 X.}"I Y—>1
where X; , X, must remain inside the unit circle. The order in

whieh the latter limits are taken is irrelevant unless otherwise
stated,

Finally 1)
(2.15) PN A ST op X
and for all 2<e§#,n,,r}
(2.16) plu’ X) e ; P 25 P X
(2.17) AU X oz éfﬁ U+ 35 p X,
(2.18) Pl X2 3y B R Y,

Jw Recurrence relations for the system

In order to apply the method of collectiwe marks of D, van
Dantzig [5] andljé] , we introduce an event F., which happens
with probability 7~)& whenever a K -customer srrives, phus

(3.1) o= Xké‘j for each Ke{vau.gﬁ.

The events E are independent for all customers. Any event £
is called a "catastrophe" in D, van Dantzig's papers, but its
nature is irrelevant. As only probabilities of other events,
together with non-occurence of any "catastrophe" are considered,
it 1s irrelevant whether under occurence of an event £ the
process continues or not.

We can now interprete ﬂw7(X) as a probability for

Ty ;%
(3.2) F?ﬂv(a7,”.,a%) X;
is the probability, that at the o departure, vwe{ni,”.}. s one
K -customer leaves the counter, a, 1-customers,...,a, r-customers
remain at the counter and with respeot to none of the remalning
customers the event E happened, Therefore

(3 3) F (X)-E:[f‘~ Lazolp

1q the prooabillty that at the »'? departure m. {1,1;...} a K -cus

) X

T,A..

tomer leaves the counter and with respect to none of those remaining
at the counter the event E happencd, Further

1) If k.7 the first sum on the right hand side of (2.17) and
(2.18) equals zero, if k.r the last sum of [2.16).



g

(3.4) P (o sosa, L a)X " X

i1s the probabllity, that at the pth departure, me {1,2,,.& } , an

¢-customer leaves the counter, @ chustomers,...,a% r-customers
remain at the counter and with respect to none of the customers
remaining at the counter the event £ nappened, Ifok>-0 the next
customer to be served is a K -customer, therefore for

K € { 1,...,r} 1) (using (2.10))

] — : a,
(3 .5) TC;),, (OK 7 X)_ {.ﬂ (o" X):ZLa,KE; 1, %1‘.1;_—?0, e .,O'.’EinJPCm(o,...,o,ak,..‘,o.,r’))g,__

is the probability, that at the »'0
the counter, service on a Kk -customer starts and with respect to

none of the customers left by the departing ¢ -customer@ the event

departure an ¢ -customer leaves

E happened.
Put

(3.6) Adef L

Now

¥

{‘m (Or) = Pl (0, -0)

is the probablility, that at the ﬂth departure an t-customer leave:

and the counter becomes empty, while

CLC’-‘{ /\

is the probability, that the first customer arriving after a given
moment is a & -customer, therefore (using (2.9) and (2.10))

(3.8) A X g, (07
1s the probability, that at the w " departure, me {12} , the
counter becomes empty and the next arriving customer is a k -

th

customer, with respect to which the event E does not happen.

a -xt, Q,.
(3.9) j 0T T O T F ey
a_! a_r'/ Kk

is the probability, that during the servicetime of a K-customer
exactly a, 1~customers,i.‘,ﬁp r-customers arrive, so (using
(2.15))

o

S PN R & ~Apt 3o
(3.10) //"((/\(1,}0/\’)):2_.[@%0,..»,apacj)\’.‘.Xr‘ e %zir) e ,(_;_f_l) o F (¢)
O
is the probability, that with respect to none of the customers,
arriving during the servicetime of a ¥ -customer, the event £
happened.
Analogously
(3.491) w (A (1-ptr ) X))

K
1) If X =r then F%ﬂ(oKX) stands for €ﬂ1(oﬁl



ls the probability, that with respect to none of the customers
with priority number = k, arriving during the servicetime of a
kK -customer, the event E happened.

Now the probability that at the 0n+1)8t departure a k -
customer leaves and that neither to him nor to those remaining
at the counter the event E happened is equal to the probability
that at the nth departure elther an ¢ -customer leaves the
counter (for ¢ equal to 1,2,... or r ), service on a K-customer
starts and to those remaining at the counter (the Kk -customer
under service included) the event E did not happen or the counter
becomes empty and the first customer arriving is a K -customer,
with respect to whom the event £ did not happen and (in any case)
during the servicetime of that Kk -customer no customers, with
respect to whom the event E happened, arrive. This equality can
be written in the following way, using (3.3), (3.5), (3.8) and
(3.10) with their interpretations
(3.12) X (¥ {9(0K "X g (0" /\’)apX g (o") } (A 140)())

K K,ret i

This relation is valid for Kefr,...,r} ;n&{ﬂﬂu.”} and all real
’Xx satisfying o = K‘é,1 , because of the arbitrariness of the
event £ . If at the moment the counter is opened for service,
with probability p @1)___ a,) a gueue consisting of o 1-

o L7y 2 1
customers, ..., a, r-customers is present and

a »
a )X X7,

i r- 1 r

(3.13) 9()()ng$_@1%0, ,a,z0|p, (a,..

then (3.12) is true for m.o as well.
For o= X =1, (xx and 0<X =1 we can solve (3.12) for
kn+'(XJ once ﬁq(X) is known for those values of X . But then
we can find ﬁ; » (Y) and iq(X) ) ) for all X satisfying
l)Q(§'7J X = by analytic continuation for each
Ké{ﬁ,..-,P} . Therefore (3.12) holds generally for each
K € ;1,.,4,P}J 'neg 0,4,2,“.} and [X1I§7, ‘ ,_J)Xh}é 1. |
We might try to express ﬁ<ﬂ+ (X) as a function of‘g (X)
only, by repeated application of (3 12) and so eliminating q(Xﬂ
with £2 1. This is however not practioable, the more so as i
k%+1(X) for X =0 can be found from (3.12) only by dividing
both sides by )@ for’X;=#¢a and taking the limits for X _o;
which leads to partial differential quotients in the expression
for i (X) for X%,o .

IAS



Analogous to (3,11) and its interpretaticn we have

(3.14) “ (,\K(txk))

is the probability, that if at the wth departure a «k-customer
leaves the counter, with respect to none of the customers with
priority number & arriving during his waiting time, the event
E happened, Finally

(3.15) Fo( X qm)

k,m
is tThe probability, that at the nth departure a Kk-customer

leaves the counter and with respect to none of the customers
with priority number k which remain at the counter the event
E' happened. Now this is equal to the probability that at the
wth departure a K-customer leaves and that with respect to
none of the customers with priority number k arriving either
during his waiting time or during his service time the event
E happened,
Therefore we have

{3.16) f ("’X ) f‘ e ") v, (A(/)() v (« 7.X ) )

for Ke{vouljr}Jwe{tL“}and for all X; satisfying cmgX?g 1.
This may again be generalized by analytic continuation, Therefore
(3.16) holds for all )i satisfying (kag 1.

We can now summarize our results. From (3.16) we have, that

y;m (¢¢) 1s a function of F ( X) and qa () . The functions

km X) are known to qatisfy (3.12), but cannot be solved
explieitly from those relations in terms of fil(x)' However,
as we are interested in the behaviour of the system in the long
run, we will use (3.12) and (3.16) to find J@g; v, (%)

The relations (3.12) and (3.16) can also be derived in a
more formal way than it has been done here.

L, Convergence to a stationary distribution
Before making use of the relations (3.12) and (3.16) we
shall prove some results connected with the convergence of the
F}% a.,.. ., a() for ms oo, which justify the method of the
next section,
Let us say that the system is in the sbtate (Kio,,....a,)
at the departure of the wvth th

customer if the » departing
customer is a K -gustomer and if he leaves for every ée{t..,»}
a L -customers at the counter. Then 2ll transition probabili-
tiés from a state at the ﬂth departure to any state at the

(w+7)8t departure are independent <f » ond can ceaslily | cél»
culated.



By considering only the moments, at which a customer leaves the
system, we thus obtain a Markof chaln, with a denumerable number
of states. Let us denote this Markof chain by ™. For every state
there is a positive probability to reach in a finite number of
steps a state where a departing customer leaves an empty counter,
and from this situation any state can agaln be reached in any
number of steps, We conclude that /¥ is an irreducible and ape-
riodic Markof chain (cf. Feller | & ] for the terminology and
classification of states in Markof chains). From Corcollary 1
in Feller [ & J(p. 328) it follows immediately, that fom p (@, .a.)
exists and is independent of the 1nit1al dlstrlbutlon.

In the case of nonsaturation ( Z: A e < ) all states
are ergodic, To prove this, we need a theorem of Foster [ 9]
whieh was given by Moustafa [12] in the following slightly
generalized form:
Theorem 4,1. An irreducible, aperiodic Markof chain represented
by the Markof matrix | pé)j;'{ (¢,j = 1,2,... ) is ergodic if for
some &£>0 and some integer ., , there exists a non-negative solu-
tion fg | of the inequalities

{#.1) F’A-blj‘i‘ﬂé—-ﬁ for D

(9]

(4.2)

Yy, < o for C = LQ

We note that 2? Py, can be regarded as the expectation
[N J

after one step, if we start in the éth state, of a random

variable 1)g s Taking values y, with probabilities Py

r

Theorem 4.2, If S¢ ) , all states in the Markof
7 /LL
chain M are ergodic,

Proof, This theorem 1s an application of Th. 4.1. The states of

M can be characterized by (kia,, o ), 1.e. the priority

number of the leaving customer and the*;umber of customers of
each priorlty left by him. With each state we associate a number
y . By definltion y- Eiiqh/éﬂ for the state (k;ay,___,a?) s l.e.
Y 1s the expectation of the time needed to serve the remaining
customers and as such non-negative, If we start in the situation
(k303-~90>ép--A,a%2 wlth a,>0 for an gﬁéP, the next customer

4
to be served is an ~customer and the expectation of y affer one
step is then

=7 R 1) (1) :” 1) 1)

‘%Z )‘L/“a/u{’ +(aé'*kf’/l[ - 7)/(4{, ! gv (ac +AL/“5 )/ub -

. (1) ) <L (1) S (1)
=%ﬁab_/ub_ +/U£ {Zl_/\\L/JL “1}§ %,ac_/u{ - &,

1) Rendom variables are denoted by underlined symbols,



where
[ .
of (1) S k (7)2’
::: :/:n{?(;ww { L/u‘: ) ’
In fact the expected number of ¢ -customers arriving during the

0 . 1) 7 ‘
servicetime of an ¢ -customer is ) c M and one ¢ -customer

leaves the system at the end of this step. Therefore (4.1) is

satisfied in this case. If we staert in the state (k;, o,..., 0 ),
the expectation of y after one step 1s finite, so (4.2) is
satisfied for the p, states with o=@« =a =0
Thus Th. 4,2 follows.
Corollary. If we define F, (ajau.. é@ﬂm Pmm(aw CLa)
we have:

p (e, pofor all Ke{7,,”,w} and a,20,..-.Q &0,

L

and the g (e, ., a ) form a stationary distribution for the
Markof chain M ., This is an immediate consequence of Th, 4.2
and Th. 2, p. 325 in Feller [ & 1,

To prove also the convergence of > L J'p s,
where the summation is over an arbitrary set s of otqtes, and
the convergence of moments of the queue length, we need the
following theorem,

Theorem 4,3, Let an irrcducible, aperiodic and ergodic Markof
chain be represented by the Merkof matrix |p jf (i,j=1,2,...).

If Uy d“'#h p{? s where p() are the n step transition

—p OO >
probablllties (these limits exist , are positive and independent
of « (ecf. Feller[ & ], p. 325) then we have for any non-negative

state function 5

< (n) 2 - .
(4o3) ‘gvn 2_ ,b% Foo 21 moF for every . .
M -» 00 J ! 4
Proof. As Lo fa I and fjg<y we have for all positive
. M > ea N 3
integers ¢
) - B NN S5 T F ‘

(%) f’f;lo Ry EE T
beoause if >0 and N is such that )

N )

2Lm P22l o Fo_ e,

1 b 1 4o

3
1) If {ATG F. = oo, only some obvious changes are necessary.
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we have

N » N
W/ 2: “F .é hamféip()FJ=ZZTfF
M pco o K

v
-4 M g
_
o
o

for every &>o0, whence (4.4) holds,. o

The proof of (4%.3) 1s completed, if 25 E'Ff-
If %: ¢j5}<:co we proceed as follows. We know, that /L is
always positive, 2; u - and 2; éﬁﬁ ' for all
posltive integers m (cf Feller[]?] , P. 325). Therefore we
have for a fixed N= i and every

&9 co ca

I F o (m) S>> 4=p= L J ) [ _J.(M)F

Zn}. g =2t nlepw ijzzé.p_z_f\l,e,,.{,yrfz.pfj F*Ez,%“f’b,j i
S0

3 /f<= . e | ) Vﬁ (‘ﬂ) ~

S 2 b up (Zrstan ey 3 F e m S F ] 2

i

ZL7<{<N é)-’#i_j dewv ,)?[SIP(WF + 7T &/mﬁupZ P(TU[— >

iz ]

oD

o
E;ZF', jvm-e)w/bZ/Q(M) F .

VY e O d

e
L.

As 'wizao this leads %o

(405) ”Z&w {}u:,/t Zr(’“) F‘] A F

1y O

-3
fome

for all ¢ .
From (4,5) together with (4,4) we have (4.3).

Remark 4. The theorem remains true for arbitrary state functions
Fj_with Eg'na[fﬂ*<co as can be seen by writing

where
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Remark 2. If the Markof chain we consider has a probability’ﬁ?

of being in the state ¢ in the initial situation ( p” 20 and

O

R (o
> p”-1), then by Th. 4.3

1
) > & () (n) - =2
{Zm Z 24, PP f. = Z;i Tl'i /j N

M -y 0 b4 1 ¢ Py J

provided f} is bounded.

From the convergence of p (@1‘.,,a,) follows only the
existence of fom £ (X) 1f |X |<1 for (e {1 }.
M- K7 ’ «
We may now conclude, that even for /X’/< 7 for Le{H w}
- Q1 \/O-V‘
n—wc .. (/() /\'Lnr_ . a};ojp( ..‘,a.h) ’7.../\'/‘.
This follows 1f we take the state function
@ 2,
X;f..Xrif (o= k,

Fﬁ"av""’%)

i

0 if é#_«k_
o’r\

Thus f‘;(X def fom F (X):ZLC%%.D_,...,CI;‘-?: aka (aj,__.,a'n)xij.. X

Voo K1 "

1s a power series with positive coefficients, which converges if
I

lXJ§1 for all ae{ﬁ_gﬁand as ,Zﬁ QZfbggc%.“3a?;zUFL@W.u,%):7J

we conclude that

(4.6) Livn fk(7k AT S () (]XQ<:1>.

X—-‘%I g
Remark 3. From Th. 4.3 we alsc conclude that

&mZ_Z“La’O n"ala;o ( s

"
TF . = i ) \
Moo Zl_aﬁ 0, . ..,apiojaj /ok(ap...}a_h/

th

I
l.e. the expected length of the gueue of | -customers at the »
departure tends to the expected length of the queue of j =customers
derived from the statlonary distribution, and analogously for the
nigher moments of the queue length, provided the iritial state is
fixed, i.e. p (b, ..b )= 1 for a given initial state (h,..., b ).

Theorem 4.4, If 324 4, <4 | the conditional distribution-

7 L/

functions of the walting times }{, (t) (x£~{a,.,.,w}) COMVETrEE
to a non-degenerated dLstrlbutionfunctlon H_(t) with \

(19

(o) e f e " H ()

satisfying

o) om0y g sy for [ en

A
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Proof, A distributionfunction of a non-negative random variable 1is
uniquely determined if 1fs Laplace transform 1s given on an inter-
val which lies in the right half plane, because the Laplace trans-
form of such a distributionfunction is analytic for all arguments
with pesitive real part, and can thus be determined uniquely by
analytic continuation, so that the uniqueness theorem for the
inverse of a Laplace transform may be applied (cf. Widder
L7141 Th, 5A, p. 57 and Th. 6.3, p. 63).

From (3.16) follows the convergence of Y, () for

=1 as  lom I (+")>0.

[7 =
A M poo  Kon

Kk

We can now follow a standard method (compare e.g. Lévy [ 41 ],
p. 49, proof of Th. 172) to prhve that Han(t) converges to a
function (t) with yf(d)~1¢?& g;y)(g) satisfying (4.7).

H;(t) lS a monotonic non-decreasing function, continucus from
the right and satisfies H’(t/_:o for ¢ = and gﬁw1,H (t) =
as from (4.7) {Qw ACOE . This proves Th. 4, 1

All the forer01nf theorems concerning the queuing problem are

valid only if ET”A /i )27 . In the case of saturation

(E: A/u 27 ) analogous theorems can be proved, although we did

not succeed in finding 51mple proofs so far, In fact one can prove:
7)
If _m A/u( and 2‘ \/4)==7 we have

LSt

%/m 2,[(1 go""’awéo—//ﬂ{m (a1,...,a.“) =0

Mo

and

K/WI Zkla&qéol o ‘_,clh?—_o_[/bkm ((L—,) “"a'r)

MN-»co

exists and 1s positive,
If we define

we have for each 1<eg1:H,Jﬁ}

T - Q“l /OLS
q&::o]im()(, 5):};[‘@120,_,.)aséo"] F'K((Jtvj...)as)x7 ...>\5 >
whereas |
S+ 1 s S+ — _ )
@ 1ZIC (X1 ).:)7_.‘1 Z’_La:’i‘o).‘.)aséojfok (a1,...)a_5)= / (]X[<1)

/ ﬁjconverfe% to a non-degenercte distributionfunction if
Kﬁ‘“and 1iwwlf (t) =0 for every finite ¢ 1if k=s5+q9 . If

M~

k=35 the moments of H (t) do nof necessarily converge to
K om
those of H;{t) s l.e. we cannot conclude

cQ

(4.8) &vm t‘JO( Hk.’n (f} ::f(f'l()( /L/K (f) for k3

W Oy
o

lif
n
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An example will show, that in some cases (4.8) does not hold.
Take s+2=r and /u;ﬂl=co , If we start from an initial situ-

atlon with a - . -a _=o0,a >0 it is clear that
+

fé o H_(t) = o (nef12,.})whereas j/trif/(t) is not necessarily
1nf1nite for k= 5,

5. The case of nonsaturation

In section 4 we proved that in the case of nonsaturation,

i.e, if
r
(5,’1) 1’: Ac‘/%iﬂ
for Ke{"ﬂv»-;’&g and all /\/ with /X}f'f ”‘J/>\/)n/§7
(‘() ’1""{1{%;14 I[k (X)
1 L] f
exists.

According to Theorem 4.4 in this case the limits

H_(t) def &4w H (t)

K. i

for all real + and

%(a)_é Lo CY

M s CO

for Ko « 2 0 also exist and y, () satisfies

o<

gﬂ[q):f ““tocH (t).

For ;<e§7’,,.,w} and [)ng-g,‘.,/x

"

|= 1 we have from [3.12)

(5.2) XA (%)= {q(7X) = (")« p X g (o)} p (A(1-p X))
while (3.16) leads to

530 LA L0 04K ) ().

From (5.2) we conclude (fOPI)ﬁjéﬂ)”j!XhJ§1 and arbitrary Cij
satisfying [U |=1,. |U }; 1)
! K.

(5.%) £ (x) ) £ u™x)
4 (A1-pX) v (A(o-rUX)

for X;¢o (and by analytic continuation for sz o as well) and
also

(5.5) i X () =i{g(o“’k’)»—3(0°'X)+/<>X3(0”)}-
% (/\ ('/../OXJ)
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Formula (5.5) simplifies to

(5.6) i? £ (x) X (M(1-pX) :9(or)(p>(-1).
@ (M- pX))
To determine ﬂ ( X) we introduce B ,o Y L defined
(for ke {2,,,,;p} ’ '

Bt v
j ¢ 2 o X =
(5.7) o w2y, -2 Y ))
for (e {@.M,k_1} . The g . are thus functions of ) A,XP,

We shall prove (always assum1nf (5.1)):

Lemma 5.4, Equations (5,7) have fog every set of complex numbers

X, .., X , satisfying 284 Ke X < 2; 'y exaetly one solu~-
tion for . with o =1 .. < 1.
jk,-f’ B 3{4(;;:..1’ ( ’K,xl 2 ’{LJK K l<

Proofs Consider the equation

K.q

(5.8) z %1")\&1/{ (/\vz__%)\.j /\’J.)\_-.

By Rouché's Theorem (see Titchmarsh [13 | p. 198): PIfp(x) and
?[2) are analytic inside and cn a closed contour C? and
[?(2)%</p(z)/ on C , then plz) and p(z)+ 9 (z) have the same numbe:
of zeros inside C ", taking prz) L2fz, g (%) & def Z)z «,a(,i Z - ZAX)
and for C the circle (7] = 75 A, we have that

7 K, 25 )y (Ao z_)J,\X)

K.t

has exactly one zero ZK: Zz (X X ) with IZK}<:2?: A‘ for a
fixed set of complex number@ X X’ s, satisfying
%? ). X << }

If we now take

¥ :%(A#ZK-ZT?_'\JX‘)

<KL

equations (5,7) are solved and

JK(,$<1
because Re Az, 2.) X )>o and [ d)’ij’ for Re « >0,
A second solution 5 « leadU to 2;‘%? “7,{'3:L where z:
satisfies (5.8) and [, " < Zif A, . But then z, = %,
and therefore L«/K.L =Y .

Lemma 5.2, The solution z of (5.8) is an enalytic function of
the variebles X , .. ., X; for all \ ..., X satisfying
) Z./\PQX<;—)\
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Remark (cf Bochner and Martin[] J» p. 30). A function F(%,.“,%ﬁ
is ananalytic function of the £ complex variables 21,“.,23
in a certain region, if in some neighbourhood .of every polnt

(zf,.,., zgo ) of that region it is the sum of an absolutely
convergent powerseries in 7 _xz” .. ., z, - %{1
Proof: Consider the point )&: c, .. X_ =c_ , with .

r r

28 ) Ree <2f ) . By using theorem 9 from Bochner and

X3 [ k L o
Martin L / j s DP. 39 (for the special case k-7 1in their notation).
we prove that z is analytic in the point (q(,,,,aaw). The

theorem reads in our notation:

If the function F"(zJX;DH,JXr)is an analytic function of
r- k+7 {(complex) variables in the neighbourhood of the point
(a,c , ..,¢,), if F’(aﬂ(%,.,.,ch) = 0 and if %{?#30 for

z=a,X zc ,..,X -c_then the equation
k K [ n

4
F(Z,Xk).,., Xh)___o
has a unidque solution
z =z (X _,. . .,X.)
equal to q for X?:ck X.-c,_ and analytic in the nelghbourhood
of the point (ck,._u cr).
We take

PR ]

K -

ef ST . 7
,...,Xp)‘}—_——__ Z - %. /\L_Q?(A..L-.Z/\_XJ>

Kk J

Flz,X

Kk

with 2, X X —as (functionally) independent complex variables

kT2 e

This funcf%pn is analytic in the neighbourhood of (avck,”.,cg,
if Koo +2l ) Re c; <A . This holds in particular for a-
=% (e, ..,c), where #, 1is the only zerc of F(z,x%,,.” X, ) with

|z | = éz A (see proof of lemma 5.1), because

g K- sl
Re 2+ by ,\‘_ Re ¢, < 27:?/\_ . 20 /\j% = A\ . Furthermore

i &

K
F('Zk ( CosinCp)sCo o )=0 a8 Z_ satisfles (5.11) and

"
K.

. K1 v
[2E[ -1 o200 2% 20 280 >0,
? z 7 . a.z X 4 [
for z-a, X -c ... . ,X . ¢ , because f
k K 1<l [

| %i;/ - )[? excpf_ t(h z_ 2:1% Xﬂ}df(l—)}éﬁ/?df;(t):/x‘,

and (5.1) holds. Therefore the equation {5.8) has a unigue solu-
tion L ZK(XK,...) X ) equal to Z (e o

> X, =¢, which 1s analytic (only this is new) in the neigh-
bourhood of (c_, ..., e, ).

/
5 ¢,) for X e,

r I
Lemma 5.3. If we keep 20 A Re X <= >¢ )
b s . K [ t K i
we have

(5.9) Lo z, (XK ..X )=t for %? AC(X£p7).ﬁ& 0.

3

3 cra Dy
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Proof: Again we apply Rouché't!s Theorem (see proof of lemma 5.1),
this time with .
-~

plz)tef 2 - 20 +¢

?(z):é- .ZjA {w() z..ii.)_X)—v} s
where ¢ is a (small) positlve number. For C we take the circle
with radius ¢ and centre ZZ;A . If we take 2; ALXL
sufficlently close to Z ,\ , it turns out that |p(z)|=
and )g(z)]<-a for all points of C . Thus

k_

plz)r9(2)= 2 - 1‘- /\ (/\..2'" ZA X)

has a zero inside C . As z 1s the only zero of this function
K1

for |z| <= 2 ). , the zero we have found must be Z, i.e.

siven &>0 we have proved

and thus
K-
I’Z '-2:;:’\6}<2£

if % A (X, .71) 1s sufficiently near 0, provided %_E A fRe X 1 )<=

y‘l
Remark, We algo have Re (A_xz_- 203 X ) >o.
Lemma 5,4,
A

4 r
/(/m(sj\/_)?}; . X) for %/\d(){i—'f)«-ao

©
exists, if we keep Z:) EE,X < ;,XZQ s for every
e fo, 7, ., mlarf /4m”<cn ‘for every .k ef1,. . ..r}
and wm = 7.

Proof s (S%Q)zw(xk,..., X.) can be ohtained by partizl diffe-
rntiation of

Ko

fo , r ,
ZK:L“AH?”Z("“VZKIAJ k‘i)

7

with respect to .X , for Zﬁ )& Pe)ﬂ < %? Aiéa and solving for
%é . We obtain a fractiogy from which we find the higher par-

tial derivatives by ordinary partial differentiation, applying
the chain rule and substituting for those derivatives already
obfained. Remembering'that /u?d<cm implies that ¥ (¢) is an

~m times continuously ‘differentiable function for Ro e« 2 0
which may be differentiated under the integralsign, that (5,1)
helds and lemma 5.3, we can easily verify the statement of the

lemma,
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It .
w73t St
A, Lt (5%1) Z WX, ....X ) for ZEA(X.7) o0
we find
k-7
(5"40) A = ’)\k >1" X /M 3
K1 ant
7 . _/_;___ \/u
,\Z. é—-—v A (1)
(5.41) — P
f ) (4}
(7—_ 2t ) 4 ) i
K7 Ko
2 --:w (3 . 3 g-‘.— (2}
(5412) A A ‘1“)'/"’ + 3/\'<(4f')5/* )
ka W1 1

(hz,,\/ﬁ”)" (- 52 u")

From (5.6) we obtain, substituting X'm Jw for

L e gﬁ,H.JK~4§

(5.:13) Xy tp (M (1= P(gm3XD { (g“) X) =
% (’\ (7-p ‘i’(wpx)))
el 5 K w OO PO oy X} (ply,X)-1)9(07)

Koot
2O Py %)
and by using [5.4) we have

50y e B Ol-rlug D) £ (x)
b (A7 = p X))

s X g (M1 PGy W A(X) + (plypyn%)-1) 5 (0")
£ (Mr-p )

for all X, satisfying [X;|S 1 for jxk and |X |<1.

= ‘ﬁ( (A('1*P(.ﬁ’(x)>x)))

We have

only for

Xk = yk”m (Xk+4""’/\/r‘)

and therefore the £ (X) can be obtained successtvel; for all
X“...)X; satlsfying X =1 for jex and [X |<1 (elther
directly or else by analytlc continuation) from (5,14), starting
with (Xx) ir 9(0") is knewn, We shall not try to obtain
the f (X) explicitly, but uve (5.1%) in the sequel,

Thc constent g (o”) is determined by the condition

(5475) g(1") = 1
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If we take X -1 1in (5.14) for (x« and, keeping |X |<1,
take X .1 , we have from lemma 5.3. that both sides of (5.14)

K ) K.1 Poi
tend to zero, It can be seen, that X, = %;(A(v—p[%w,1 X 175

K
for XK = 1 , therefore, always keeping |[X |< 1 and
using 1'Hopitals' rule
r ] Koo e
(5.16) Fe(17) = o £ (1"7X47)

K

L SE ) o - RO Pl Y
Keq & X 1 X _ %{(A(1-P(£/(K))1K~"/\/7P_k)))

K

(v}

-1 Ve 3 r 1)y | i
19007 fomy Pl T X - B ey A0 P) 8 e e
Xt Ao (g, N T R N R A P
or with (5,10) .

- r (1) r
(5.17) TCK (ﬂ'n)z 25 [‘[1}/(1 /\K+3(o}pk

5 é’;’__ Ai/ochj
Solving (5417) for £07)  leads to

(5.18) Q(dr): H;?éo) - for Ke{t.“,r}.
I - 25 Au/ﬁ

Because

(5‘,19) q(?P): 1 5

we finally have

(5.20) ﬁ((fﬁ = P,

and

(5.21) (0"« 1- 25 4 uY

® 9 = — 5 L,//(l_ .

We thus proved

Theorem 5.4. The functions f; (X) satisfy the equations
M1-pX
(5.22) —FK (X) - /f;( [ (1 = ))
/\/K“ LIﬂK (/\(_,CPL':{(F\)JX}))

L (o X - bt { i '

ez fen S0l O 9 ]
! (A= pt” X)) A 7

for ‘Xilé" (= k) «‘lxxl<1’sz#gkwk(xmf*""x")

and all ke {1,...,r}. 3
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They can be obtained successlvely from these equations starting
from K=r.

The derivation of (5.20) and (5,21) here given is unnecess-
arily long and complicated, but the same method leads us to the
moments of the waiting time distribution as we shall now show,

In section 4 we proved that in the nonsaturated case the

(X) are powerseries with non-negative coefficients, absolutely
convergent for [X [=1,..,|X |=7 and «ef4,...,r]. If we diffe-
rentiate a function of this kind » times ( m € { 0,1,... } ) with
respect to one of its arguments and take the limits (in any order)
X, 1,..., X —1 keeping |XJs1 for all { ¢ {,..r} then either
the wresulting e¢xpression is finite and the powerseries for this
derivative converges for]>g{§1,..‘){X”}§ ¢+ or the limit 1s +co .
Moreover in all cases we have

(5.23) {(,_7 (X)} B} &«(5%)”{{”) ((¥f=<1).

= "=’\<h=1 X'—>7

From (5,22) we see, that

(5.24) e (bx ) f (x) (Ix]=<1)
exists 1if (f (A+- P>{U is (w+7) -times differentiable with
respect to X, for je {+,.. ,r} and kef1,...,r} . This is
certainly the case 1f the(wfﬁ 5t moments of all F%(x) (fé{ﬁr_,wp
exist. If (as the only alternative) at least one of these moments
ig +o0 , then we find from (5.22)

(5.2 b (L), (X = o0 (5= 1)

If we take X = 7 for (xk in (5.22), differentiate with
respect to X, , then let X, 7 and use (5.10), (5.711) and (5.20)
the result is

"
(5.26) (gé_f_) B VR

R S (=280, w120 ul)
whilst we find in the same way from the second partial derlvatlve
of (5.22) with respect to XK
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"2 L3 (m) « 1
(5‘27) ( a ‘{;z) - "\K /("LK 4 K/t:w E’_ A /UL o
DX P STCIRD - YN [ )
= X, -
Sy S A N /*‘“ZMA”

SO ET T ) D e B

), ZA/“/T ,\,u‘”
2A(1- 20 uf(ho 20, ”))

From (5.3) we have by differentiating with respect toX;

s (3f) O ety
B s Ew ]
(5429) {gi}%—z L ;1=?[K(1”){>‘i/‘£2>+1/\i/{f)fyk+ AZE\;‘_{: },

ir E‘ﬂk and g{gi are the first and sccond moment of the station-
ary waiting time distributlon H_(¢) respectively.

On combining {5.20), {5.27), {5.28) and (5.29} we obgain:
Theorem 5 2, The filrst and second moment of the stationary i

waiting time distribution H_(t) , for ke{u.W,r} , are
respectively

e (1)
(5.30) Ew . o ’\;,/u‘ s
2o 228w )ro 288 )
and
. Z':“. ) (2)
(5.31) Ew, - e LIV -
o280, 40 ) 260, p4))
) Zi A /u(x) ZA /u' . Z': (1)%-/\/1(1)

- BT BT i B S )

Qur (5.30) 1s Cobham's formula (3) (see [23] ).

’ The function g, («) can be found from (5,3), at least for
1.*,_ =7,
K

(5;32) K;/K(d}-_- Aﬂ(’w“,‘a”—%;,ﬂ,,..,ﬂ)
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which, 1f combined with (5.22), leads to

(5.33) Yy (4 = (123 pO- 200y v )= I (o (54 e ) :
K o
home = A (204 Lz e )

where % =0 and z . z_(=) satisfies (5.8) for X -71.& X -7
(csx and 22 ) 1.e.

{5.34) Z: - 2; A Y, (Z‘f‘:—,\i - Z:+o<); 0.

. L (1) e
(5.35) W () = — (1204, "L) 22:& A (12 # (=)
)\1_o<,,\1¢p1 ()

while ¢, («) for Ke-{z)_,,; r} contains the zi
As an 1llustration we give the following example:
Teke ro2 [ F (x)=F,(x) =1 exp (- ;%) , then

€5‘.36) (o<)_ (O()_ s
<>«/u+1
(5-37) W,(O(}” 7../\1/,( 4R A +<=</\/u2 s
‘7‘)51/(14-0(/44
(5.38) v,(,,<)_(7_,\/,¢)(.\_;.z dh M- 2l vot) g 1]

(A..o«).’(/\ % +d)/u+1}_,\
which leads to the following waiting time distributions (¢2 o0 )

(5.39) Ho(2) = 723 eocp g_ (-4 /u)t} )

M

(5,40) () <12 s %\2(1—%/3{~ A![1;:\‘/-")t})+

t
\1(1'_/\/4)10{: / (2’" WW{—A_J_A"’\I o { elu
0 o ZbL A
where I (x) 1s the modified Besselfunctien of the first

order and of the first kind.
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The result (5.40) contradicts equation (27) as given by
R.E, Cox [L,] .

6. The case of saturation
If (5.1) is not satisfied, we can find a positive integer s,
0=s=<r , such that

) 2!

bl (1)
A;/J(,<1’2‘r—i,\i/(¢ = 1 .

N

(6.1)
In section 4 we stated already without proof, that

(6.2) o) &f o f(X)

Kn

exists for ke{4,.”, r} and that
(6.3) ﬁ (X) =0

if at least one X} satisfies [X.|<1 for | e{5+1,_..,r}.
As a consequence of (6.,3), it cannot be true that

(6.4) he (17) = Lom 1 (),

as the right hand side in (6.4) equals 0 and

(6.5) g (1) = 1.

The functions ﬁ;()() thus cannot be powerseries with positive

coefficients and the method of section 4 cannot be applied.
But if instead of f; (X) only ﬁ((>(1ns) is considered,

we can repeat the argument of section 5 with some alterations.
From (5.2) and (6.3) we have at once

(6,6) f(X)-o

for kE{SflJ”.,P} and | X |=1 , for all ¢ ¢ {u...,r}.
If for )\'e{z,”.,r%

(6.7) fogetf (xd)

one can prove that for <Ke{ﬂ,“JS+1}) FK(X) again is a powerseries
with non-negative coefficients, absolutely convergent for
]X/§4,_.‘,{X ‘é + and satisfying

| S Suf

IR NCYRES
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1 "

@or L Ey- B e L)

From (5.2) we have for ke{ig‘“’s} and X ..o X o

‘%(%%&(LXJ>

and for K= 35+

{6.9) EM(X): ff(or) ‘/S_,,(%‘SZ)‘;("“X(D'

From (6,8) and (6,9)

PR AT 1A S AT

K k

Equation (6,10) is the analopue of (5.2), while the analogue
of (5.4) 1s (for [X,|=+, ¢ef4,.. 5] and (uj_]@ , je{u...,w}
and K e{z,.u,s})

7 = (k) ,
res W eS
‘6*,}1} fK(Xj ) _ FK(M )(f )

(A 1-HX ") e (1,pza§“’x,7”)))
and (5.3) can be written

(6.12) £ (X)) O (-4 ) 4.0, (- £,)

for wefq,. . ., S} . Therefore the moments of the waiting time
distribution can be found as in section 5 for K'6{1,“.JS}. One
obtains

— (1) .
(6.13) F (). M Moos for K efn...s),
K P i,\ ) ) = 3
T g/"‘c S+7 7
_ : Sy
‘6.’14) 1(47}0): - Zq‘ S
= o3y e 0 SE
-7 /L +/ S+7 1 .



- o4 .

1

R
Mm

S \
(6.15) EZ o) :“ Aéfﬂ . >
2’“ A/J /qu'f };: )\r-'
‘ ‘1) e (1)
(6.46) e w, - L )y /u + -———f%-“' (1- LA/u ) or  Kefy s

2 (1- /\/u”)(1-£,\/»f’)

which is Cobham's formula (cf [3 7).
In addition one can prove,,that

g_vzkzoo for k &

54—‘1,...,'&"} .

A~

The authors wish to thank Prof,Dr D. van Dantzig for
suggesting the use of his "method of collective marks" and for
his valuable advice and criticism, which helped to give the
paper its final form,
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